By combining results of Mizumachi on the stability of solitons for the Toda lattice with a simple rescaling and a careful control of the KdV limit we give a simple proof that small amplitude, long-wavelength solitary waves in the Fermi-Pasta-Ulam (FPU) model are linearly stable and hence by the results of Friesecke and Pego that they are also nonlinearly, asymptotically stable.
Introduction
In a series of four recent papers Friesecke and Pego ( [1] , [2] , [3] , [4] ) made a detailed study of the existence and stability of solitary wave solutions of the Fermi-Pasta-Ulam (FPU) system:
which models an infinite chain of anharmonic oscillators with nearest-neighbor interaction potential V . If we make the change of variables r j = q j+1 − q j and p j =q j , the state variable u = (r, p) satisfies a system of first order Hamiltonian ODEs,
where the Hamiltonian H is given by
The symplectic operator J is given by J = 0
where S is the left shift on bi-infinite sequences, i.e. (Sx) n := x n+1 . The problem is well posed in each ℓ p space, but for concreteness and simplicity we work in ℓ 2 . Throughout the paper we shall assume that the interaction potential V satisfies the following
In the first paper in the series, [1] , Friesecke and Pego prove that the system (2) has a family of solitary wave solutions which in the small amplitude, long-wavelength limit have a profile close to that of the KdV soliton. More precisely they show: cr
where
2 is the KdV soliton and ε := 24 c V ′′ (0) − 1. [6] via variational methods.
In the second paper in this series, [2] , the authors use the method of modulation equations to prove that if the solitary waves are linearly stable, they are nonlinearly stable as well. More precisely, suppose that the following linear stability condition is satisfied: Define
and define
Hypothesis L: There are positive constants K and β ′ and c 0 > V ′′ (0) such that whenever V ′′ (0) < c * < c 0 , and w is a solution of the linear equation
with w(t 0 ) a < ∞ and such that
holds, then the estimate e −c * t w(t) a ≤ Ke −β
holds for all t ≥ s ≥ t 0 . Then there are positive constants C 0 and δ 0 such that if for some δ ≤ δ 0 and γ * ∈ R the initial data satisfy
then there is an unique asmyptotic wave speed c ∞ and phase γ ∞ such that
and in addition
The last two papers in the series, [3] , [4] , are devoted to verifying that the linear estimate (10) holds for the solitary waves constructed in [1] .
In [3] , Friesecke and Pego construct a type of Floquet theory to prove estimates like (10). The reason that one needs such an approach is that because of the discreteness introduced by the lattice, the linearized equation (8) is not autonomous in a frame of reference moving with the traveling waves, but only periodic (with a spatial translation.) Finally, in paper [4] , Friesecke and Pego verify that the solitary waves constructed in [1] satisfy the hypotheses of their Floquet theory and hence, by the results of [2] are asymptotically stable. This last step involves, among other things, the fact that these solitary waves are well approximated by the KdV soliton and the fact that the linearization of the KdV equation about its solitary wave is well understood.
In this note, we give a simple alternative proof of the estimate (10) which avoids the use of the Floquet theory and spectral analysis of [3] and [4] .
Our proof combines three observations:
1. The linear stability of the soliton for the Toda lattice, established by Mizumachi and Pego by the construction of an explicit Bäcklund transformation in [7] .
2. A transformation of the original FPU equation (2) into a form in which we can prove that its solitary wave solution is close to that of the Toda lattice.
3. A careful control of the way in which various quantities depend on the small parameter ǫ.
We note that the last two points were originally developed in our study of counter-propagating 2-soliton solutions of the FPU model [5] .
We now explain these three points in more detail. Recall first that the Toda lattice is the special case of the FPU model with potential functioñ
(Throughout this paper, quantities with tildes will refer to the Toda model.) Note thatṼ satisfies the hypotheses of [1] so the results of that paper imply that the Toda model has a family of solitary waves close to those of the KdV equation. Of course in the case of the Toda model these solutions were explicitly constructed by Toda in the 1960's and indeed the Toda model is one of the classic examples of a completely integrable, infinite-dimensional Hamiltonian system. The stability of the Toda soliton can also be analyzed in a very direct fashion. By constructing a Bäcklund transformation which conjugates the linearization of the Toda model about its soliton to the linearization of the Toda lattice about zero, Mizumachi and Pego proved that the linearized Toda equation satisfies Hypothesis L and hence, by the results of [2] , that the Toda soliton is asymptotically stable. In [5] we extended this result by showing that the constant K in (10) can be chosen uniformly in c.
Remark 1.5. Although we will be most interested in these results in the long-wavelength, small amplitude regime studied by Friesecke and Pego, in fact the results of [7] apply to Toda lattice solitons of arbitrary size.
In order to extend the estimate on the linear decay from the semigroup of the linearized Toda equation to the linearization of the general FPU model satisfying hypothesis (H1), we first make use of the following simple: Lemma 1.6. Without loss of generality we may assume that the potential energy function V in (1) (or equivalently (3)) satisfies
Proof. To see this simply note that if q(j, t) is a solution of (1) with a potential energy function V that satisfies hypothesis (H1), then V can be written as V (x) = then follows from this estimate because of the prior remark about the scaling of the ℓ 2 a norms. The estimates on ξ 1 −ξ 1 then follow from these two since Theorem 1.1 shows that a derivative of the solitary wave profile with respect to the spatial variable gains exactly one power of ǫ. The estimates for ξ 2 −ξ 2 follow in a similar fashion. For more details see [5] .
2 With these estimates in hand we consider the semi-group generated by
The idea is now to treat the term J H ′′ (u c ) −H ′′ (ũ c ) v as a perturbation of the Toda semi-group.
Recalling that H andH differ only at quartic order and that u c andũ c are both of order O(ǫ 2 ) and differ only by terms of O(ǫ 4 ) we have
The other fact we must deal with is that v ∈ E s = {v | ω(ξ 1 , v) = ω(ξ 2 , v) = 0}, while our decay estimates on the Toda semigroup hold only if the semigroup acts on vectorsṽ ∈Ẽ s = {ṽ | ω(ξ 1 ,ṽ) = ω(ξ 2 ,ṽ) = 0}. To cope with this difference we define the projection operator
which maps ℓ 2 a toẼ s . Using the estimates in Proposition 1.7 , we have:
Proof. The key factor in the proof of this proposition is that the estimates of Theorem 1.1 make it possible to evaluate the leading order in ǫ behavior of the symplectic products ω(ξ j , ξ k ) and ω(ξ j ,ξ k ). This was first used in [1] and was utilized repeatedly in [5] . For instance, one has ω(ξ 1 , ξ 1 ) = 0, while ω(ξ 2 , ξ 2 ) = c 22 ǫ −2 + O(ǫ −1 ) and the cross term ω(ξ 1 , ξ 2 ) = c 12 ǫ + O(ǫ 2 ) with the constants c 12
and c 22 both non-zero. Similarly, the leading order behavior in ǫ of the norms of ξ 1 and ξ 2 can be computed by relating them to the derivitives of the profile of the KdV soliton using the estimates of Theorem 1.1. The same estimates also hold for the symplectic inner products ofξ 1,2 and with these estimates the first bound in the proposition follows immediately. The second estimate follows by rewriting the projection operator as
where the last step used the fact that since v ∈ E s , ω(ξ 1 , v) = ω(ξ 2 , v) = 0. But now note that each term on the right hand side contains a factor of eitherξ 1 − ξ 1 orξ 2 − ξ 2 and these are small due to the estimates in Proposition 1.7 . With the aid of these estimates the second estimate in the proposition follows in a straightforward fashion. For more details see the proof of Lemma 4.4 in [5] . 2 Corollary 1.10. There exists ǫ 0 > 0 such that if 0 < ǫ < ǫ 0 and v ∈ E s , then
Now write v(t), the solution of (15) as
whereS is the evolution semigroup generated by the linearized Toda system. Then
Taking the norm of both sides and using the estimates on the Toda semigroup (10) we find:
Note that the constants K, K 2 , and K 3 are all independent of ǫ. Now setting φ(t) = sup 0≤τ ≤t e 
Thus, if ǫ is sufficiently small, we conclude that φ(t) is uniformly bounded for all t and hence: 
